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ABSTRACT. The present paper is concerned with some self-interacting diffusions (X, ¢ > 0)
living on R%. These diffusions are solutions to stochastic differential equations:
dX; =dB, — g(t)VV (X, — ) dt

where [, is the empirical mean of the process X, V is an asymptotically strictly convex
potential and ¢ is a given positive function. We study the asymptotic behaviour of X for
three different families of functions g. If g(t) = klogt with k small enough, then the process
X converges in distribution towards the global minima of V', whereas if tg(t) — ¢ €]0, +o0]
or if g(t) — g(00) € [0, +00], then X converges in distribution iif [ze=2V® dz = 0.

1. INTRODUCTION

The aim of this paper is to obtain necessary and sufficient conditions for the convergence
in distribution of a self-interacting diffusion living on R?. Consider a smooth potential V :
R? — R, and amap g : R, — R,. We study the asymptotic behaviour of the self-interacting
diffusion X given by

(1.1) dX, =dB;, — g(t)VV (X, — @,)dt, Xo =1z = fig

where B is a standard Brownian motion and 7z, denotes the empirical mean of the process X:
1 t

(1.2) 1y = —/ Xds.
t Jo

This is a model of reinforcement that could be used to represent the (simplified) behaviour of
some social insects. Some insects, as ants, mark their paths with pheromones. This serves as
a guide for other ants to return to the nest. The trail of pheromones is denoted by X and its
evaporation by g. Despite this evaporation, the path is reinforced and the insects gradually
manage to find the best route.

The same model has been already studied by Chambeu & Kurtzmann [4], in case of an
unbounded increasing function g. The authors have proven that, under certain conditions, the
process satisfies a kind of pointwise ergodic theorem, and that if V' admits a unique minimum
at 0, then X; converges almost surely. In this paper, we do not suppose that ¢ increases
to the infinity nor that V' admits a unique minimum at 0. This will obviously change the
asymptotic behaviour of X, even if X will converge in distribution in most of the cases. We
will essentially use two different techniques here. The first one is the well-known theory of
simulated annealing, which has been developed a lot since the 80’s with a huge literature,
whereas the second one is simply a change of scale added to a change of “speed measure”.

Let us explain briefly the simulated annealing method. An important question for physical
systems is to find the globally minimum energy states of the system. Experimentally, the
ground states are reached by chemical annealing. One first melts a substance and then cools
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it slowly, being careful to pass slowly through the freezing temperature. If the temperature
decreases too rapidly, then the system does not end up in a ground state, but in a local non-
global minimum. On the other hand, if the temperature decreases too slowly, then the system
approaches the ground states very slowly. The competition between these two effects deter-
mines the optimal speed of cooling, that is the annealing schedule. The study of simulated
annealing has involved the theory of non-homogeneous Markov chains and diffusion processes,
large deviation theory, spectral analysis of operators and singular perturbation theory. Pio-
neering work was done by Freidlin and Wentzell [6]. The initial problem consists in finding
the global minima of a given function U. Actually, one has to study the diffusion Markov pro-
cess X¢ in R? given by the Langevin-type Markov diffusion dX? = dB., — VU (X?)dt. If the
temperature ¢ is constant for a sufficiently large amount of time, then the process X¢ and the
fixed temperature process behave approximatively the same at the end of that time interval.
The optimal annealing schedule, that is € for the convergence criterion P(X; € Min) H—OZ 1,

where Min denotes the set of all the global minima of U, was first determined by Hajek [§] for
a finite state space. Chiang, Hwang and Sheu [5] studied the convergence rate of P, (X} € -)
via the large deviations of the transition density of X¢. They were one of the first to show the
convergence of the algorithm of the simulated annealing for e = k/logt, for k large enough,
related to the second eigenvalue of the corresponding (to X¢) infinitesimal generator. Finally,
Holley and Stroock [I1] initiated a new method and proved, in the discrete case, the conver-
gence of the simulated annealing algorithm via the Sobolev inequality. They went further in
their study with Kusuoka [9]. Later, Miclo [15] proved, through some functional inequalities,
that the free energy (that is the relative entropy of the distribution of the process at time
t with respect to the invariant probability measure for the elliptic operator considered as a
time-homogeneous operator by fixing t) satisfies a differential inequality, which implies (under
some decreasing evolution of the temperature to zero) the convergence of the process to the
global minima of the potential. And if the temperature € decreases too fast to zero, then the
potential can freeze in a local minimum (depending on the initial condition) and so the process
converges to this local minimum.

We begin to study the R%valued Markov process Y; := X, — ji;, which satisfies the following
SDE

(1.3) { dY, = dB, — g()VV (Y)dt - Y%, Y, =0;

dp, = Y;f%’ Ho = .

We will adapt the simulated annealing method to Y for functions g large enough (that is g
does not go to zero) to prove the convergence in distribution of Y.

We wish to point out that a one-dimensional Brownian motion in a time-dependent potential
has been recently studied by Gradinaru and Offret [7]:

dZt == dBt - 895‘/;),@,,8(757 Zt)dt; Zto = 20

with V, . 5(t,z) = #\xgﬂ Doy + plofﬁm I,—_; and zg,p,, 3 € R. This is quite close in
spirit to the study of our process Y, even if the authors suppose in [7] that both V" and 1/g
are polynomial. They obtain conditions for the recurrence, transience and convergence of the
studied process Z. We refer to the survey of Ivanov et al [13] for the existence and uniqueness
of solutions to such equations. In the present paper, we do not suppose that g is polynomial

and the dimension is d > 1, and thus we obtain less precise results.
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The remainder of the paper is organized as follows. First, in Section [2, we introduce some
useful tools, such as the logarithmic Sobolev inequality and the Kullback information. They
both will be needed for the simulated annealing study. Section [3|is devoted to the simulated
annealing method in the case when g behaves asymptotically as klogt¢. In this part, we will
prove the (pointwise) ergodicity of the process Y and the convergence in distribution of X,
depending on the potential V. Finally, Section |4 deals with the convergence in distribution of
X when tg(t) — 400 and ¢(t) — ¢ > 0, depending on the asymptotics of V.

2. SOME USEFUL TOOLS

2.1. Assumptions and existence. In the whole following, (-, -) denotes the Euclidiean scalar
product. We denote by P(R?) the set of probability measures on R%. We denote by G the
function G(t) = [ g(s)ds. We assume that the mapping g : R, — Ry is C'(Ry). The precise
hypothesis on g will be given at the beginning of each section.

In the sequel, the technical assumptions on the potential V : R¢ — R, are the following:
(1) (regularity and positivity) V € C*(R?) and V > 0;
(2) (convezity) V.= W + x where W is Cy (> 0)-strictly uniformly convex and x is a
compactly supported function and there exists C, > 0 such that Vy is C-Lipschitz ;
(3) (growth) there exists a > 0 such that for all z € R4, we have

o VV()P?
2.1 AV(x) <aV(x) and lim —————
(2.1) (z) < aV(z) lz|=+o0 V()
We also assume that V' has a finite number of critical points. Let Max = {My, My, --- , M,}
be the set of the saddle points and local maxima of V' and Min = {my, mg,--- ,m,} be the
set of the local minima of V', such that the Hessian matrix is non-degenerate for all local
minimum. Without any loss of generality, we suppose that min V' = 0.

= +o0.

Remark 2.1. The case V' of quadratic growth is excluded here, as it has been fully studied
in [4].

Let us first prove the global strong existence and uniqueness of the process X.

Proposition 2.1. For any © € R% u € P(RY), there exists a unique global strong solution
(Xi,t > 0) of (LI).

Proof. The local existence and uniqueness of such a process is standard. We only need to
prove here that Y, hence X (because X; := z+Y;+ f; Ys%), does not explode in a finite time.
To this aim, apply It6’s formula to the function z — V (z):

1 1
V() = (VW (1), 4B + ( GAVI) = gV - {(TV (.17 ) e,
and introduce the sequence of stopping times 79 = 0 and

7, = inf{t > 0; V(Y;) > n}.

By the convexity condition, we have (VV (y),y) | |—> +o00, and by the condition ([2.1)), there
Yy|——+o00

exists C' > 0 such that EV (Yja,,) < EV(Y)) + Ct. O

2.2. Preliminaries.
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2.2.1. Logarithmic Sobolev inequality.

Definition 2.2. The probability measure p satisfies the logarithmic Sobolev inequality, with
the constant Crg, denoted by LSI(Cyrs), if for all function h € L*(u), we have

/ h*log h*dp — ( / thu) log ( / thu) < Cps / |Vh[2dp.

Let p(s, z,t,y) denote the density of the semi-group corresponding to the non-homogeneous
Markov process Z, defined by

Z
dZ, = £,dB, — (vwzt) + a—t> dt.
t

We will specify later the precise form of ¢, and a,. We associate to this process the probability
measure I, ., (dz) = 7% exp{—2¢,;%(V (x)+|z|?/2a;) }dx, where m; is the normalization constant
of Htﬁt .

Lemma 2.3. The family of probability measures (Il;.,,t > 0) satisfies a logarithmic Sobolev
inequality LSI(C(t)).

Proof. We use the celebrated Bakry-Emery I'y-criterion, see [I]. We recall that, to the operator
L,.,, we associate the operator “carré du champ”, that is (for all function f,g € C*)

1
22 Y (f.0) = (L) = F g = gL )
Then, we define the operator I'y as
(23) DY) = 5 (Lee TV (. 1) =201 (F, Lo )

The I's-criterion asserts that if there exists a positive constant C' such that F;/t > C’I’z/t, then
11, ., satisfies a logarithmic Sobolev inequality, with the constant 2/C.
An easy calculation, for any function f of class C*°, leads to

LY (f, f) = €IV

and
2

14 & 2 E1 1o 112 € 2
Ly (O)(f) = E(Vf,V VVf)JrzHV il +m!vf\ :

As V' (and also V) is strictly convex off a compact set, we have the decomposition V' = W+x
as in the convexity hypothesis. We apply the I's-criterion of Bakry-Emery to the function W
and we get that TW (£)(f) > Cw TV (f). Thus, the probability measure e~ (W(@)+z*/a(t) /7,
satisfies the inequality LSI(2/Cw). We conclude, by the perturbation lemma due to Holley
and Stroock [10], that the measure II;., satisfies a Sobolev logarithmic inequality with a

lOSC
constant less than or equal to 2e X/C’W, where osc(x) = sup y — inf x. O

2.2.2. Kullback information.

Definition 2.4. We define the free energy (up to an additive constant), known as the relative
Kullback information, of a probability measure v with respect to a probability measure I1 by:

d
H(v|II) = /dylog é
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If we suppose that v (respectively 11) has the density v (respectively m) with respect to the
Lebesgue measure X\, then one has

(2.4) H(v[T) = / vlog %d)\.

In this paper, we will first prove the decrease to zero of the relative free energy of the law
of Z; with respect to II; .,. The classical Csiszar-Kullback-Pinsker inequality relates the total
variation norm to the free energy in the following way (see for instance [11]):

(2.5) | = vllrv < V2H (plv).

So, as the total variation norm metrizes the convergence in distribution, once we have proven
that the measure I, ., converges weakly to a measure I and H (p;|I1;.,) goes to zero, then the
distribution of Z; converges to II. As Z; is the time-shifted process Y;, we obtain this way
that Y converges in distribution to II.

Our strategy to show that H(p;|Hy.,) goes to zero is the following. To shorten notation, let
pe := p(to, xo, t, ) be the distribution law of the process Z; conditioned on Z;, = xy. We recall
that the family of probability measures (I;.,,t > 0) satisfies a Sobolev logarithmic inequality

LSI(C(t)). We have also Il;,(dx) = 7, (z)A(dz). So, we choose h, = /- satisfying
[ hZdIl, ., = 1 and we will show in Corollary [3.6] the existence of C(¢) > 0 such that
Dt

t,et

(26) H(ptlﬂt,6t> = /pt lOg dA S C(t) / ‘Vht|2dHt’5t.

2.2.3. Asymptotic pseudotrajectories. In Section [4] we will use the notion of asymptotic pseu-
dotrajectory, introduced by Benaim and Hirsch [2]. It is particularly useful to analyze the
long-term behaviour of stochastic processes, considered as approximations of solutions of or-
dinary differential equation (the “ODE method”).

Definition 2.5. The process Y is an asymptotic pseudotrajectory for the flow ¢ if VI' > 0
(2.7) lim sup |Yiys — és(Y:)| =0 a.s.

t—+00 0<s<T

It is shown in [2] that if Y is an asymptotic pseudotrajectory for ¢, then the w-limit set of
the flow generated by ¢ is the same as the w-limit set of the process Y.

3. THE SIMULATED ANNEALING METHOD

Assume that the mapping g : Ry — R, is asymptotically equivalent (up to a multiplicative
positive constant) to logt and satisfies ¢ € C'(R) is such that g(0) > 0 and for all 7' > 0,
Gl(t+T)— G (1) = 0 where G™! is the generalized inverse of G.

—00

Instead of considering Y, we consider the time-changed process Z; := Yg-1(). This last
process satisfies the following SDE
1 Zy
3.1 dZy = ——=dB; — | VV(Z dt, Zo=Yg-119=0
o e ( e G—1<t>goG—1<t>) e

where B is a Brownian motion such that fot \/%()dl?s has the same law as Bg-1(;).
go - S
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3.1. Convergence in distribution towards the global minima of V. We define ¢ =
goG;,l(t) and a(t) = G71(t)g o G71(t). The process Z satisfies

(32) dZt = €tdBt — V‘/;(Zt)dt

where we have defined V;(z) := V(z)+ 2‘2}:) . Actually, we will prove that this non-homogeneous
Markov process converges in distribution to a measure that could correspond to its “invariant”
probability measure. Of course, if we suppose that a(t) = a and ¢; = ¢, then the convergence
in distribution is obvious. It happens that the spectral gap A appears naturally in our study.
Heuristically, when the time is of order e *, the process is very close to the probability

measure

(3.3) 1, . (dz) :=

e~ 2 Vil@) gy
m(t,e)

It remains to show the convergence of II; . when ¢ goes to the infinity.

Let L;. be the operator defined by L. := 3e2A — (VV,, V). As [VV|? — AV, goes to
the infinity as |z| — oo, the theory of Schrédinger operator (see for instance [16, Thm13.6])
implies that L. is self-adjoint in L?(I;.) and the spectrum of L;. is discrete: 0 = A (t,¢) <
—MXa(t,e) < .... The subspace corresponding to the first eigenvalue (¢, ¢) is composed of the
constant functions and so

)\2(25,5) = mf {/ |V¢|2dHt75; Varnm(gzﬁ) = 1, Qb - D(Rd>} .

Our first aim is to compute the eigenvalue A\, and study its behaviour when ¢ — oc.

Lemma 3.1. Let € > 0 be fized. The probability measure II; . converges weakly, ast — oo, to

[y (dz) := —L_=2e*V@) qg. Moreover, imIl . exists and is denoted by II,.
’ 7(e) e—0 ’

Proof. We only need to recall that e?a(t) = G '(t) diverges with ¢. More explicitly, the

normalization constant is
|2
92 g lzl”
w(te) = [ e V@ Tawady,
Rd

Let K be the compact set K := {z|V(z) < 1}. There exists a constant A > 0 such that K is
included in the ball centered in 0 and with radius A. Then, on one hand, we get

_ _g_lz? o _g_la? _
/ e 2€ 2V(:c)6 202 dz S/ o 28 26 202 dr < C(a(t)s2)d/2e_2€ 2.
c Rd
On the other hand we obtain,

2
=]

A2
/3_25QV(x)de’z/e_QE2V(x)€_2“)52d$2/ e 2T V@) e a0 4,
K K K

But we know by the Laplace formula (see [12]) that

/ e V@O~ 2:(27%2)‘1/2(detVQV(xi))_l/2
K

t——+oo -
i

where (z;); are the global minima of V' (we recall that they form a finite set). As a consequence,
m(t,e) ~ Z(27T82)d/2(detVQV(xi))_l/Q.

t—+o0 -
i
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By the same method, if ¢ is a continuous function with compact support containing for example

only the global minimum x;, we have
T

da)e > V@~ (22 (det VPV (1) V().

t—4o00

This gives the explicit form of lin(l)Hooys(dx) = IIy(dx). O
E—>

Consider for a moment Il .. We remark that V; converges to V' when ¢ goes to infinity.
Hwang established in [12] that Il . converges weakly when e converges to zero. Let N be the
set of the global minima of V. Hwang has proved the following:

o if \(N) > 0 (where X is the Lebesgue measure on R?), then Il . converges weakly to
1 .
)\—N)ﬂNdQZ,
o if N ={zy,...,2,} then Il . converges weakly to

1 2 1/2
> (detVQV(xi))—lﬂKzg (detV2V (i)~

1<i<n

e more generally, suppose that N is the finite union of some smooth manifolds (C?), and
each component is a compact connected smooth manifold and the determinant of the
Hessian (normal to N in z € N) det (V?V(z)) is not identically zero. Then, there
exists a probability measure ./\/l, on the highest dimensional manifolds, such that II .
converges weakly to f(detVZV(a:)) EyVIEE )(detV2V( 2))"V2M(dz).

We adapt to our setting the results of Hwang in the following proposition.

Proposition 3.2. The probability measure 11, ., converges weakly to Il as t goes to infinity.
Moreover, the probability measure 11y concentrates on the global minima of V.

Proof. The result of Hwang shows that the probability measure Il ., converges weakly to Il
as t goes to the infinity, and the probability measure Il concentrates on the global minima of
V. We combine this result with Lemma [3.1] to prove the proposition. O

In order to show that Z converges in distribution to a measure supported on the global
minima of V', we need two more technical results. We mix the approaches initiated by Holley,
Kusuoka & Stroock [9] and Miclo [15]. Indeed, we will use some functional inequalities,
and show that the free energy (corresponding to our process) decreases. We suppose in the
following that go G™1(t) = logt for some k sufficiently large (and the same proof actually reads

when g o G71(¢) is asymptotlcally equivalent to ).

Definition 3.3. The mazximal height of the function V; is the non-negative function m(t)
defined by

(3.4) m(t) = sup{ () - Vi(z); « € K},
where
Hy(z) = inf{E(v); 7 eC([0,1],K);~7(0) =z,7(1) = 0},
Ey(y) = sup{Vi(y(uv)); we€l0,1]}

Remark 3.1. 1) The function m(t) corresponds to the mazimum of all the minimal energies
needed to go from each point of R? to 0.
2) The function m(t) is positive if and only if there exist more than one local minimum of V.
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Lemma 3.4. We have that limm(t) = m, where m is the mazximal height function corre-

t—o00

sponding to V.

Proof. Let M := sup{|z|*;V(x) < 1}. For any path v, we easily have Ei(y) < FEy(y) + %
Then, by definition of H;, we get

|Hy(x) — Hoo(2)] < 7o

M
a(t)

As a consequence, there exists C' > 0 such that

m(t) —m| < sup {’Ht(x) — Ho(z) — 2L

and the result follows. O

A very important theorem permits one to relate the height function to the second eigen-
value of the infinitesimal generator of Y (that is the constant involved in the spectral gap
inequality).

Theorem 3.5. (Jacquot [14], Thm 1.1) The invariant measure 11, . admits a spectral gap Ay:
there exist Cy, Cq,e9 > 0 such that for all e > &y, one has for all continuous f € L*(II;.)

HP;&,Ef . Ht,gf’ ’LQ(Ht,s) S e—(25*2m(t)+logQ(s)—log(2—52))svarl_[t‘E (f) _ 6—2/\2(t,5)varnt’5 (f),

where Q(g) = Cye?+Che (14 Coe™24+2) + e

@ Moreover, lii%sQ log \a(00, &) = —2m.

Corollary 3.6. The family of probability measures (Il,.,,t > 0) satisfies a logarithmic Sobolev
inequality LSI(C(t)), with C(t) = Q(st)ez‘fﬁm(t),

Proof. Holder’s inequality implies that the logarithmic Sobolev constant is smaller than the
inverse of the spectral gap constant in Theorem [3.5] O

We will now use some functional inequalities in order to prove the convergence of Z; (and
thus Y;) towards the global minima of V. Let p(s,z,t,y) denote the density of the semigroup
corresponding to the non-homogeneous Markov process Z.

Theorem 3.7. Suppose that 2 = k/logt, where k > 2m. Then, for all initial to, xo, the free
energy H (p(to, zo,t,-)|te,) converges to 0 ast goes to the infinity.

To prove Theorem we need the three following technical results. We will first state
them all, postponing there proofs, and deduce from them the latter Theorem [3.7 Let us state
the first technical result.

Proposition 3.8. For all initial ty, xo, we get

d 2 SN
EH (p(t()?x(hta ')|Ht,€t) S _mng (p(t()?x(hta ')|Ht,€t) — 45(t)€t 3/p<t07x07t7 )(‘/t_ < V;f >Ht,5t>d>\
2 . )
+ ? p(t07$0,t, )(‘/t_ < ‘/t >Ht75t)dA7
t
where we have denoted Vt = %Vt.
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Lemma 3.9. (Miclo, Lemma 6) Let f : [0,00]— R, be a continuous function such that a.s.

.f()<at @f()

where o and B are two continuous non-negative functions such that floo Bydt = oo and 1tlim /By =
—00
0. Then }E&f(t) =
We now need a technical lemma to conclude that the free energy converges to 0.
Lemma 3.10. For allt >0, the quantity < |x|* >y, ., is bounded.
We are now ready to prove Theorem

Proof of Theorem[3.7. Let ty > 0 and zy € R%. Consider the process Z;, solution to the SDE
A

—t) dt, Zto =T

a(t)

We can rewrite the result of Proposition in the following way, where we remind that
pt = p(to, o, t, ) denotes the distribution law of the process Z conditioned on Z;, = x

47, = e,dW, — (VV(Zt) +

d
—H(p[Ic,)

9 . .
T H(p|Le,) + 5 (EVi(Z)— < V; >n,.,)

2
ct) ’ €7
— 46 (BV(Z)— < Vi >n,.,) -

We remind to the reader that V(z) > c|x|* out of a compact set and it is proved in [4] that

EV(Z;) = O(1). We therefore have EV;(Z;) = O(1). Moreover, the function ¢ — a(t) is

non-decreasing while ¢ — &, is non-increasing. Thus, as V,(z) = “('5)2|93|2 the two terms

E(Vi(Z;)) and <V} >1,., do not play any role in the upper bound. It now remains to find a

upper bound for < V, >11,.,- 10 this aim, we use Lemma . Indeed, there exist two positive
constants My, M5 such that

d 2 £(t) a(t)
—H(p|U;z,) € ————clH(p|U;z,) — My—35 + Mo——"—.
dt (pt| t, t) = C(t)gt (pt| t, t) 1 6% + 26%@(25)2
We now use Lemma[3.9] We easily compute the time-derivative of a(t):
a(t) £(t) 1

(P~ HGD (9o G D)6 (0P
Using the explicit expression of ;, that is 2 = k/logt, we have
at)y  C() log t
a(t)?e}  2ktG—1(t) k(go G-1(t))G-1(t)?
As G71(t) is a non-decreasing function and because of the hypothesis on k, the first term

converges to 0 when ¢ goes to the infinity. For the second term, we recall that log G(t)/g(t) is
bounded and so,

C(t) + C(t)

G(t)*" " log G(1)/(g(H)*) — 0,
because G(t) = o(t?). Lemma asserts that if e satisfies [~ e} &5 = oo, and £ — 0,

c) — () 4
then 1tlim H(p;.,) = 0. For e = k/logt with the given condition on the constant k’, we
— 00
meet the required conditions and the result follows. O

Let us now prove Proposition and Lemma [3.10]
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Proof of Proposition[3.8. To shorten notation, let p;, := p(to, xo,t,-) be the distribution law
of the process Z;, knowing that Z;, = xy. We recall that the family of probability measures
(IL;.,,t > 0) satisfies a logarithmic Sobolev inequality LSI(C(t)). We also have II, ., (dz) =
Tte, (£)A(dz). Define hy, such that [ hZdIL ., = 1:

ht - P .
Trt,Et
By Corollary [3.6] there exists a constant C/(¢) such that
(35) H(ptlnt,€t> = /pt lOg b dA S O(t)/|Vht|2dHt75t.
t,et

We now have to compute the derivative of h;:

1 Vi
Vh, = - Dt (th +2V2t> '
2 Tt,eq Dt &t

We put this last estimate in the preceding inequality (3.5 and thus
2

C(t \Y VvV,
H(py|l;e,) < L/Pt A +2—2t dA.
4 yz €t

We recall that we are looking for an inequality including the time-derivative of the free energy
H. We have

d e
(3.6) Z H(pIL.,) :/ptlog bt d/\—/ptﬂt’ LA,

dt t.et ﬂ-t,at

Our strategy is to find a upper bound for the two terms on the right hand side. The Kolmogorov
forward equation reads

) 1 . 1
(3.7) b = 56 Ap+ Div(pVV) = V- (§€?th + ptVVt) :
We also remark that we have the following estimates:
Tt e, E(t 2 - .
(3.8) Lot — 4% (Vim <Vi>n.,) - 5Vi- <Vi>n,.,),
Tt et & €

where we have used the usual notation < f >y, = [ fdIL;.,. Moreover, we also find

Ve, B 2VVt
— =2
T e, €%

Now put the first estimate (3.8]), as well as the Kolmogorov equation (3.7)), in the formula ({3.6]).
We integrate by parts and use the logarithmic Sobolev inequality (3.5) to get

1
/ log 2 pd) = / log 2w . (Eerpt—I— ptvv;) dA

e Tt,eq

S\ (1
= - / (E - VL) (—e?vpt+ptvvt) d
Yz Tt e 2

\Y VvV, 1 2
= —/ <ﬁ+2_2t7_5§th +ptVVt) dA = —g—t/pt
P &t 2 2

(3.9)

2

Vi oMV gy

2
€%

2
< —— 2H(pI,.,).
= C(t) €t (pt| t, t)
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On the other hand, we obtain the following equality for the second integral involved in the
time-derivative of H:
Tte, E(t 2 . .
/ptt_vd)\ 4 /pt(%— <V )N - S /pm— < Vi >n,.)dA.
t

Tt ey t

We put all the pieces together and this leads to the result. O

Proof of Lemma[3.10. Let K be the compact set K := {z;V(z) < n} where n is a given
positive constant. As II, ., converges weakly to ITy, we only need to prove that < |z[*1x-. >,
is bounded. We have

g l=l?_ _ _
/ |3:]26’2€?2V(”“")e 2a(t>ggdx§/ |x|2€2V(x)62V(x)(st21)dx§/ |x|26’2v(x)dxe’2’7(€t2’1).

By Proposition , we know that 7(t,e;) et > (2med)Y2(det V2V (z;)) "2, and so there
—1+00

exists a positive constant C such that

~ —2
< [z lge >n,., < Ceple 2.0 0

We will now describe the law of the limit process Y.

Proposition 3.11. The speed of convergence of H(p(to, xo, t, )| ;e,) toward 0is 1/(G~1(t) logt).

Proof. By Lemma , the speed of convergence is given by fot age” J3 Budu ds, with g, =
s¥™/k [log s and ay = (sG~'(s))~! +logs(go G~1(s)G(5)?)~!. Integrating by part, we find
that fot Beds is equivalent, when ¢ goes to the infinity, to t'+?"/%/logt¢ and thus, the speed
of convergence is of order (G7!(t)logt)™! + (g o G71(t)(G71(¢))?)~'. Finally, the speed of
convergence of the relative Kullback information to zero is (G~'(t)logt)™* = o((logt)™!). O

Remark 3.2. It is known since the work of Freidlin and Wentzell [6], that the Gibbs measure
II; ., satisfies a large deviation principle. Therefore, the speed of convergence of 11, ., toward
Il is exponential (e~ 1081/2k = ¢=1/2k),

Corollary 3.12. Suppose that €2 = k/logt, where k > 2m. Then the process Z converges in
distribution to a random wvariable which concentrates on the global minima of V. Thus, the
process Y converges in distribution to a random variable Y., which concentrates on the global
minima of V.

Proof. The Kullback information H (p;|Il;.,) estimates the distance between p; and Il .,, as it
is recalled in (2.5)). The result follows as II; ., converges weakly to Ilj. U

Remark 3.3. The function € is supposed to decrease slowly to zero. This is why we o0b-
tain the convergence of Y to the global minima of V. But if € goes too fast to zero, that is
tlim g(t)tlog G(t) = k with k < 2m, then Y may freeze in a local minimum. So, X does not
—00

converge in that case.

3.2. Study of X. We give necessary and sufficient conditions for the convergence in distri-
bution of X. As usual, we start to work with the process Y; = X; — [i,. In order to link this
section with the preceding one, we recall that €2 = (g o G7(¢))™! = k/logt. It implies that
we consider functions g such that (asymptotically) log G(t) = kg(t).

Let us first recall a former result.
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Theorem 3.13. (Chambeu-Kurtzmann [4, Thmb.5]) The process Y satisfies the pointwise
ergodic theorem. This means that a.s., the empirical measure of Y converges weakly to a
random measure, which is a convexr combination of Dirac measures taken in the minimal
points of V. More precisely, there exist a; > 0 such that

We are now able to conclude the study of the asymptotic behaviour of the process X.
Theorem 3.14. Suppose that tlimg(t)_l log G(t) = k > 2m. Then one of the following holds:
—00
(1) If V is a function such that > a;m; =0, then X, converges in distribution to Y, +

1<i<n
IR N
(2) Else, X; diverges.

Proof. Suppose that V is such that the integral fg stf converges a.s. The celebrated Slutsky

theorem asserts that for two sequences (U;), (W;) of R? valued random variables, if Uy tﬂ U
—00

and |U; — W t%oo 0, then W, t%o U. To prove the result, we let U, = 1, = f(f des =

%fg Y.ds + fg % [y Yududs, W, = X, and remark that

t
d
Xt:Y;+/ —Y, =Y+,
0

Suppose that V' is such that >  a;m; = 0. By Theorem [3.13] we have that %f; Y,ds £ 0,

1<i<n
and we now need to find the rate of convergence in order to conclude the proof. Moreover,
by [4, Prop5.3|, we know that the speed of convergence of the empirical mean of the time-
changed process Yg-14) is G~ (1+¢) —G~'(t). But we are looking for the speed of convergence

for Y, itself. By an integration by part, we obtain that

1 [t 1 [¢® d
R L
t Jo tJo goG™(u)

1 /G(t) 1 /G(t) g/ o Gfl(u) /u
= — Y1 (mdu + — du——— | Yg19ds.
tgt) Jo T T, (goG—L(w)? J, ¢

Corollary implies that the first right-hand term converges in distribution to 0 because
G(t) < tg(t). So it converges in probability to 0. It remains to prove the convergence of the
second term. We recall that, up to a multiplicative positive constant, go G~*(u) = log(2 + u).
Moreover, we also know that % fou Yo-1(5ds is a.s. bounded. So, the second right-hand term
is upper bounded (up to a multiplicative positive constant) by

1[0 du G ., G(t) g(t) 1
t /0 (log(2 +u))?2  t(logG(t))? * (t(log G(t))Q) ~ log G(t) log G(t)

and the result follows: fi; = Uy converges in distribution. And by Corollary [3.12] Y; converges
in distribution to Y., which law concentrates on the global minima of V. So, Y; = U, — W,
converges in probability to 0.
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To conclude, if V' satisfies > a;m; # 0 then i, = f(f YS% does not converge and so X,
1<i<n

diverges. 0

4. CONVERGENCE IN DISTRIBUTION OF X TO A RANDOM VARIABLE

In this Section, we will prove that if g converges to 1 or 0 slowly enough, then the process
X converges in distribution to an identified limit. We will first study the case ¢ = 1 and prove
rigorously the convergence of fi;. Then, we will consider the case g(t) — 0 and tg(t) — +oo.
The proof of the convergence of ji; will be exactly the same as in the case ¢ = 1 and so, we will
not reproduce it. Nevertheless, the convergence of Y will be interesting and is essentially
devoted to its proof.

4.1. If g converges toward a positive constant. In this part, we suppose that g converges
toward a positive constant, so that its primitive G' goes to the infinity. In that case, we will
show that the asymptotic behaviour of Y is very close to the behaviour of £, solution to

d§ = dB; — g(t) VV (&)dt.

Without any loss of generality, we suppose that g(¢) = 1 for ¢ large enough. Actually, we will
prove that Y converges toward a random variable of law II(dz) = <2 4a. (Remark that the
normalization constant 7 is well-defined as V' is strictly convex out of a compact set.) To this
aim, we will use the exponential decrease to zero of the relative Kullback information between
the law of Yz-1(;) and II. Once this is done, we study the convergence of the mean % fot Y,ds.
Indeed, we will prove that the latter integral converges if and only if [ zdII(z) = 0.

Theorem 4.1. X, — X, converges in distribution to Yy if and only if fa:e_zv(x)dx =0. In
672V

that case, Y, has the distribution law

The proof of this statement will be decomposed into several propositions and lemmas. We
first present them all, postponing their proofs. Then, we deduce from them Theorem [4.1] Fi-
nally, we prove these intermediate results. Let us state the first of the propositions mentioned,
the one showing that the time-shifted process (Yg-1())¢, and so (Y;), converges in distribution.

Proposition 4.2. The process (Y;); converges in distribution to a random variable Yo.. The

distribution law of Ya, is S

= .

Next, we have to show that either ji; = fot %ds converges a.s. toward x = X, for suitable
functions V', or diverges.

Proposition 4.3. ji; converges almost surely ast — oo if and only iffxe_w(”)dw =0.
We are now ready to prove Theorem

Proof of Theorem[/.1. Recall that X; = Y; + fi;. Proposition [4.2] asserts that Y; converges in
distribution to Y,.. Moreover, fi; converges almost surely to jio, = x iif [xe=?V@dz = 0 by
Proposition 4.3} So, we use Slutsky’s theorem: ji; — fi,, converges a.s. to 0, and Y; converges
in distribution to Y, so Y; + (fiy — fiso) goes in distribution to Y. O

Let us now prove Propositions 4.3l
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Proof of Proposition [f.3. We will show that the process (Y;), converges in distribution to Y.
Let p; denote the law of Y;. By Lemma , the probability measure IT = e~V /7 (where 7
denotes the normalization constant of II) satisfies a logarithmic Sobolev inequality LST(CLg).
By inequality , we know that

2

H(p|TI) < CLS/' (,/@> ax
As V (\/%) = ,/ﬂpt% (% + 2VV>, we deduce that
(4.1) Hp|TT) < Cis th "

Moreover, by definition of the relative Kullback information, it is clear that $H (p|II) =
[ pelog (%) d\. The Kolmogorov-forward equation also reads

. 1 1
(4-2) Pt = §Apt + (th, VV) =V- <§th +ptvv> )

and putting this last estimate in the previous time-derivative equation of H, we have:

d . 1
ar!ell) = /pt log (1) 4 = /V : (avpt +ptvv) log (%)
1 \Y
- —/ (—th + VYV, A2 2vv> d\
2 pt
1 /
- 2 Dt
So, H (p|II) converges to zero exponentially fast. This means that ||p;—1I1||3,, < 2H (p;|IT) — 0,

that is Y; converges in distribution toward a random variable Y,,. The distribution law of Y,
is IT and the speed of convergence is exponential. U

Ve ogv|
Dt

-2
A\ < —= H(p,|TI).
CLs

Proof of Proposition[{.3 Let g, := % fg Y,ds. We have to show that ¢, converges almost surely
t0 Joo = [ 2II(dx). First, we decompose fi; in the following way

d
#t=x+/Y—S—as+ /Yds+/ SQ/Yduds
0

t
1
(43) W =x+ Yy + / ggjsds.
0

We then have

Let us introduce the positive recurrent Kolmogorov process (&,t > 0), solution to d§, =
dB; — VV(&)dt. The invariant probability measure associated to £ is precisely II. As ¢ is
pointwise ergodic, we have for all h € L'(II):

t—o00

1 t
(4.4) lim i h(&s)ds = /hdH a.s.
0

with an exponential speed of convergence (see for instance [17]).
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Let us now prove the almost sure convergence of ;. We have:

t+s s s
Yetts — Yet = / (Kzu - 376“>du = / (goo - ge“'“)du +/ (Ye”“ - ym)du'
t 0 0
We will now need the following technical result.

Lemma 4.4. For all T > 0, lim;_, SUpp<s<r UOS(Y;Hu — goo)du‘ = 0 almost surely.

Assuming the validity of this statement, the process (7t ); is an asymptotic pseudotrajectory
for the flow $¢,(2) = Joo—d1(2), ¢o(2) = 2. The flow induced by ¢ admits a unique limit point
{Us0}, Wthh is exponentially attracted. Thus, g; converges a.s. to 7, (with an exponential
speed of convergence).

Let us now estimate the distance between Y, .+ and &, ., knowing that Y. = & As W is
strictly convex, and V is C)-Lipschitz, we obtain the following inequality:

1d 1

2 dt ’Y;’Jret - €s+et’2 (VV( S+et) VV(€s+et) stet €s+et) - (Yereta Y;’Jrei - €s+et)

s+ et
~(Cw = CWVoret = sl + 5 levrtl
w X s+e s+e 2(8 + €t) s+et| »
because —2(y,y — z) < |z]%. So, we have the following bound on the square-distance:
s d
D/s—i-et . §s+et‘2 < e—Q(CW—C’X)s/ e(CW_CX)u’£u+et|2 u .
0 u-+e

Once again, the ergodicity of ¢ implies that £ [ |&u4et[*du converges a.s. (as s — 00) to
[ |z*TI(dz). So there exists C' > 0 such that

s du
(Cw—Cx)u . (Cw—0Cx) e|* — 1(dz))d
/0 e [ " et = ('/ 4 (|Euper]” /‘x! (dz))du

e(Cw—Cx)s
[I(dx)
OW c. /|x| m)

< CetelOw=0xs / |z *TI(dz).

And thus |V e — Eopet|? < Ce ™t as. So

et(es—1) Yo . — .
(4.5) / Yoret “bosety,, O(e™).
0

v+ et

To prove Proposition 4.3, we use the decomposition (4.3)). It is obvious from that decompo-
sition that if §oo = [2II(dz) # 0, then ji; does not converge and in that case ji; ~ Joo logt.
Suppose now that 7., = 0. As

1 1 [ L[
Y SO Y
s Jo s Jo S Jo

and by equation (4.4]), there exists a positive constant a such that E fos §udu‘ < e %, we
get that |ys| = O(s™*) with a > 0. So, the integral f(f 1g.ds converges a.s., implying the
convergence of the empirical mean fi;. [
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Proof of Lemmal[{.4 Let t > 0. We have

YS et
d}/s—I—et = st—I—et - (VV(Y:S-&-et) + %) ds.
S

et

Let us prove that the drift term ijfeef is negligible for ¢ large enough. Let 7" > 0. For any
0 <s<T, we have

s et(es—l) Y _ et(es—l) e
(46) / (Y;ww — goo)du — / vret — Sutet dv + / Evtet — Uso dv,

where &+ = Y... We emphasize that ¢ and Y are driven by the same Brownian motion.
We have already proved in equation that the first right-hand term of converges
(exponentially fast) to 0. Let us now study the most right-hand side of (4.6). An integration
by parts leads to

et(es—1) 5 -7 e — 1 1 et(es—1)
4.7 svter I0g, = ettt — T
( ) /0 v+ ot v s 6t<€s — 1) /0 £ +et AU Yy +

et(es—1)
+/ —(U—i—et </§u+etdu yoo)dv
0

The ergodicity (4.4) of £ implies directly that - (ei—l)
(as t — 00), with an exponential speed of convergence. So, there exist two positive constants

a,C such that a.s.
et(es—1) ot et(es—1) 1
/0 W ( / Surerdu — yoo) dv| <e” /0 -
es-1)
< C’e_Qt/ e dv —r00 0.
0

foe fe=1) Eurerdll — s converges a.s. to 0

/ £u+etdu - yoo‘ dv
0

So, lim; supg< <7 ) foet(ehl) g”t}‘ijm dv‘ = 0 a.s. Finally, putting all the pieces together we have
shown that 7. is an asymptotic pseudotrajectory for the flow generated by ¢. O

4.2. If ¢g(t) goes to zero and tg(t) goes to ¢ €]0,+o0]. The technique we adopt here is
a change of scale added to a change of measure. This is useful as soon as we wish to study
the asymptotic or ergodic behaviour of a non-homogeneous process, as it usually permits to
“reduce” to the homogeneous case.

4.2.1. Iftg(t) goes to a positive constant. In this part, we suppose without any loss of gener-
ality that tg(t) = 1. Indeed, Y is solution to the SDE

1
(4.8) dY, = dB, — -(VV(¥) + Y))dt.

Theorem 4.5. Suppose that there exists n > 1 such that |‘;|(§“2 converges to a positive constant

and g(t) = % Then, X; converges in distribution to Yoo + fics if and only if [ we™ V) dz =0
andn > 3/2. In that case, Y, has the distribution law e=2V®) dz (up to a positive multiplica-

tive constant).
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Proof. The proof is similar to the one of Theorem If V is polynomial, or V(z) = c|z|*"
~ 1 ~
(for ¢ > 0), then letting Y; := /* 2t >=0Y x , we find that Y satisfies

- o9 m+1 -~
dY; = dBt — (20n|Yt|2 2Y;g + mﬁ) dt.

Now, we can approximate the potential V' by c|z|*® (for a well-chosen n > 1) such that the
studied process Y has the same asymptotic behaviour as

dé = dB; - (vw&t) + %Q at

in the sense of asymptotic pseudotrajectory. Actually, one easily shows that if f re V@) dg =
0, then for all 7" > 0

(4.9) SUp |YVyper — Egpet|2 = O(e7).

0<s<T

This has been already shown for Lemma 4.4l and we do not reproduce the proof here. Finally,
this proves that Y has the same ergodic behaviour as £ (see [3]). So, as £ is ergodic and
almost surely % f(f &5 ds converges, the limit points of % fot dy, ds are included into the set of
the invariant measures of ¢, that is e 2V®)dz. So %fot Y, ds goes to zero iif [ ze=2V®) dz = 0.
By , the asymptotic pseudotrajectory has a polynomial speed. Moreover, £ converges to
its invariant probability measure with an exponential speed. Thus, % fot Y, ds converges a.s.
to zero with a polynomial speed of convergence (of the order of 1/¢) if [we=2® dz =0 (and

~ 1
diverges otherwise). Now, remembering that Y; = s 2=0Y _»., we conclude that

_n __

1 [t~ 1/t d
(4.10) —/ Y, ds = —/ Y., —g — 0 a.s.
t 0 t 0 U2n

Indeed, we have

n n

1 tn—1 d 1 tn—T1 1 t% . u
—/ Y, Qj = 3 / Y, du — —/ u_l_;n/ Y, ds du = O(t_l) a.s.
tJo uzm ' Tam-o Jo tJo 0

And thus, %fOT Y, du converges a.s. to 0 (with 7' = t7-1) iif n > 3/2. We then refer to §
to obtain the convergence of the process X.

4.1

£

We also remark that this result is coherent with the basic Ornstein-Uhlenbeck case.

4.2.2. If tg(t) goes to the infinity. This study will be divided into two different cases. First,
we suppose that there exists 0 < a < 1 such that t*g(t) goes to a positive constant. Whereas
in the second case, t*g(t) goes to the infinity for any 0 < o < 1 (this is for instance satisfied
by g(t) = 1/logt). The first part of the study is identical for the two cases and we will only
divide the end of the study.

V(z) 1
ozn Converges to a positive constant.

Theorem 4.6. Suppose that there exists n > 1 such that

(1) If there ezists 0 < a < 1 such that g(t) = t, then X; converges in distribution to
Yo + fiso if and only if fxe*w(x) dxr =0 and n > 4a.

(2) If t*g(t) — +oo for all 0 < o < 1, then X; converges in distribution to Yo + fieo if
and only iffxe_zv(x) dxr = 0.
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Let us sketch the proof of Theorem [£.6] that is postponed to the end of the paragraph.
As in the preceding paragraph, we first suppose that V' (x) = c|z|*". Define f as the positive
increasing solution to g o f(t) = (f'(t))™". Consider the time and scale-changed process Y
defined by V; := L4 Applying Ito’s formula to ¥, we thus find that ¥ satisfies the SDE

V(@)
/! "
4.11 av, = aB, — (oneviwiz2 4 (L0 WY 5
e = am— (e + (T + 37 )
Now, we approximate the potential V by |z|*" for a well-chosen n > 1. So, the studied process
Y has the same asymptotic behaviour as

(4.12) d¢, = dB; — (VV(@) + i) dt,
B(t)
where ((t) is defined by ﬁ = ((t)) + g i (this last quantity goes to 0 as ¢ tends to +00).
Define also the process Y as the solution to the SDE
(4.13) dY; = dB, — VV (Y;)dt.

Lemma 4.7. The process & (and also 37) is an asymptotic pseudotrajectory for the process Y:
for all t,T > 0, we have Supy<,<q |Yore — &sie| = O(B(t)7?) aus.

Proof. Let t > 0 and 0 < s <T'. Itd’s formula implies that

1d -~ 1 N

§E|Y:9+t - €s+t|2 = (VV( 8+t) VV(fs_;,_t) s+t — gs-i-t) + 6(5 T t) (€S+t7 Ys-‘rt - gs-i-t)
1

SE——
26(S—|—t)| +t|

< _(CW - Ox)|Ys+t - §s+t|2 +

So, we find that
du
Blu+tt)

Let us note 7 = [ e 2V@)dx the normalisation constant. The ergodicity of Y implies the

existence of C > 0 such that
S . 1 S —2V( )
/ e(CW_CX)u|Yu+t|2 du < { e(Cw=Cx)u (|Yu+t| _ / |l‘|2€ d.l’) du
0 Blu+1) B(t)

o(Cw— c 2672V
d
OW . /\x| x}

< ie(CW ) /|:v|2 V) dg.

S
|Y:9+t _§s+t|2 < 6_2(CW_CX)S/ e(CW—CX)u|Yu+t|2
0

B(t)
This leads to the result. And also there exists a constant M > 0 such that a.s.
~ M
(4.14) sup Yoy — &opl? < :
0<s<T (t)

O

Proof of Theorem [/.G. Lemmaproves that fot Y, du converges a.s. to 0iif [ e 2V(®) dz =
0. Moreover, we see by a similar Eq. (4.14) that Y is an asymptotic pseudotrajectory for Y
1 As Y converges to its invariant probability measure

with the speed of convergence

=
=
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e~2V(@)dz with an exponential speed of convergence, we find that 1 fot Y, ds converges a.s. to 0

if [ ze 2V dz = 0 and in that case, we have the following result, depending on the function
g.

1) First, suppose that g(t) = t~* for a given 0 < a < 1. We thus have f(t) = t»—= and
%f(f Ys# sz(ig_a) = %fo e Yuud% converges to ( iiffxe*w(x) dz = 0. Then, a.s. ‘% fOT Y., du‘
behaves asymptotically as TQTQ’%, where T' = t7-= and thus it converges to zero iif n > 4a.

2) Suppose now that t“g(t) — oo for all 0 < o < 1. This implies that g(t) > ¢t~ for any

P —9'(t) a
0<a<landso f(t) <twe and 0 < j(t) < <. So

1 /t - 1 /f“) du
- Y.ds = - Y.,
tJo t Jro) (f'o f—l(u))3/2

and for T' = f(¢), the mean ’% fOT Y, du‘ is a.s. upper bounded by —t(f/(t))];(/? ok

L f 1) (o fe) a 1
50 T0 A0S 7 T ai0we JOP = T e o
we find that

1

R Ok
{20 t

This last term goes to 0 if n > 2a. As « is arbitrary chosen between 0 and 1, we conclude

< (go f(t)zezma .

that | % TYU du| converges a.s. to 0 for any n > 1. U
T Jo
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comments.
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